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The paradox of the Stop-Loss-Start-Gain trading strategy is resolved by
showing that along the hyperfinite timeline the strategy incurs infinitesi-
mal losses summing up to a non-infinitesimal amount. As a consequence,

the Black-Scholes formula is derived using only hyperreal arithmetic and
Riemann sum, probably the most elementary derivation thus far.
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1. INTRODUCTION

In this paper we apply hyperreal arithmetic and an adoption of the hyperfinite
timeline to produce an intuitive and direct resolution of the Stop-Loss-Start-Gain
paradox and an explicit computation of the Black-Scholes formula.

The strategy of Stop-Loss-Start-Gain (SLSG) is roughly the following: fix a
price level K, if the stock price S; at time ¢ rises from < K to > K, then buy 1
share immediately (SG); if S; drops from > K to < K, then sell immediately the
share, if any, already hold (SL); do nothing in other cases.

Assuming the Black-Scholes economic assumptions such as: no price spread be-
tween buy and sell, no restriction on short, trade takes place continuously in time,

. etc., the SLSG produces a portfolio which apparently needs no cost to run, yet,
after SG, has a value (St — K)T at any time T, thus replicating the value of an
European call option of strike price K expiring at 7. Hence there is an apparent
contradiction to the Black-Scholes formula which gives a positive value to the Eu-
ropean call option. This “paradox” was formally resolved by Carr and Jarrow in

[4] (also [3]) by using the local time of Brownian paths. Study of SLSG in other
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settings can be found in [7] and [10]. The present article is inspired by Seidenverg’s
essay [11].2 We use methods from nonstandard analysis to give a direct but rig-
orous resolution. In fact we derive the Black-Scholes formula using only hyperreal
arithmetic and Riemann sum. Instead of the infinite crossing property of Brow-
nian paths, our approach here is based on following the trading behaviors on the
hyperfinite discrete timeline. (Hyperfinite means finite in the sense of nonstandard
analysis.) An infinitesimal loss is incurred whenever SL is triggered by the discrete
movement of the stock price from S; > K to K > S;;ya¢. Then we show that such
losses add up to the Black-Scholes price as the time-value of an European call op-
tion. Because of the naturalness of our approach, it lends support to the idea that,
in a fundamental way, trades take place not continuously but discretely along a hy-
perfinite timeline. In contrast to the nonstandard derivation of the Black-Schole’s
formula in either [6] or [9], our technique here is much more elementary: only arith-
metic on the hyperreal numbers and basic Riemann sum suffice; neither the Loeb
theory nor wi-saturation principle is ever needed. The main purpose of the current
article is to bring attention to the useful tools of hyperreal arithmetic, although
this new derivation may serve as a small dedication to the 30th anniversary of the
Black-Scholes formula [2].

In Section 2 we describe some needed background from nonstandard analysis, as
well as the assumptions and properties of our model. A more precise formulation
of the SLSG strategy is given. Section 3 is the main part of our analysis of the
SLSG. The cost of SLSG is calculated and shown to be in agreement with the

Black-Scholes price.

2. PRELIMINARIES

Nonstandard analysis.

In a typical setting of Robinson’s nonstandard analysis, all mathematical objects
X of interest are simultaneously extended to some *X, so that they share the same
properties definable by first order logic in the language of set theory. Moreover the
extension *X is proper when X is infinite.

2After the first draft of the current paper was written, it was noted that our equation in
Proposition 5 is similar to one in [3], but the two approaches diverge afterward.



By an internal set we mean elements from some *X. We call elements in the
set *N of nonstandard natural numbers hyperfinite; a set counted internally by a
hyperfinite number is also called hyperfinite; given r, s € *R, hyperreal numbers, if
|r — s| < q for all ¢ € RT, we write r &~ s (infinitely close); r is called infinitesimal
when r =~ 0; a finite element r of *R ( r < 00) is one with |r| < n for some n € N;
such r is & s for a unique s € R (called the standard part, in symbol: s = °r); write
r &~ oo when r is infinite. We have the overspill principle, i.e. if an internal set
contains all infinitesimals then it contains a non-infinitesimal hyperreal.> Complete
background material can be found in [1], [8] or [9].

For simplicity our initial time is 0 and the terminal time is 1. The hyperfinite

timeline is defined as
T := {0, At,2A¢,...,1},

where the time increment is At = 1/N and N € "N\ N is a fixed (infinite)
hyperfinite number. So each ¢ € T has the form nAt for some hyperfinite number

n between 0 and N

Hyperfinite CRR model.
Let r denote the riskless interest rate and o the volatility of the stock return
rate. Let K denote some critical price level set at time 1 which, when discounted

r(t—1)

from time 1, becomes Ke at time ¢. Define this discounted level as

k(t) == Ker(t=1),

Naturally » > 0 and o, K > 0 are standard real numbers.

Our model for the stock price process is a hyperfinite version of the Cox-Ross-
Rubinstein model from [5]. The sample space is Q = {—1,+1}T and thus states
w = {wiher € Q are sequences of +1. We let S be the stock price process, i.e.
S:QxT— *R and in the state w € Q the stock price at time ¢t € T is S¢(w).
(Note that Sy is a constant.) Under the arbitrage-free assumption (i.e. the existence

of a unique equivalent martingale measure), S obeys

St-l—At(w) _ St(w)ewta\/ﬂ-&-rAt

3This principle holds in any nontrivial construction of nonstandard objects and is weaker than
the wi-saturation principle.
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and the transition probability p := Prob (wH_At =1lws, s < t) is given by

1
p:1+eam'

We remark that since o > 0 is finite non-infinitesimal and At = 0, it follows that

p<1—p and p ~ 1/2. Now define
m(w) = Z Ws.
0<s<t

(Equivalently, m;(w) = (number of + 1’s) — (number of —1’s) in {ws}o<s<t.)

So Si(w) = Spemt(@aVAtert,

For ¢ = nAt it is easy to check that n — m(w) is always an even number; in
particular, m;(w) and n have the same parity.

By choosing Sy as the numéraire, we can make the simplification that Sy = 1.

The SLSG strategy.
We are now ready to give a precise description of the SLSG strategy and its
associated portfolio.

Let t € T\ {1}. Then SG is triggered in w at ¢ + At when
(SG) Si(w) < k(t) and kKt + At) < Sipar(w).

In this case a share is bought for the portfolio at time ¢ + At immediately.
Similarly SL is triggered in w at t + At when

(SL) Si(w) > k(t) and  k(t+ At) > Siyac(w)

and a share is sold for the portfolio at time ¢ + At immediately.
We are only interested in the time-value of this strategy hence work in the

situation
So < k(0), ie. 1<k(0), or r<lnk.
In particular, SL can only take place after SG.
If SG takes place in w before time ¢, we define
T(t,w) = OIilslgt{ s| SG is triggered in w at s.}.

If SG is triggered in w before t, we let V(¢,w) be the value of holding the share

at time ¢, hence

V(1,0) = Sy(w) = Sr(pa(w) TS,



i.e. the current stock price minus the price paid at SG with interest.*

In particular, if SG is triggered in w before ¢ and no SL is triggered in between,
the value of the portfolio produced by the SLSG strategy is simply V (¢, w); however,
if SL is triggered in w at time ¢ + At, then there is a loss at that time, given by the
difference between the interest added value of V' (¢,w) and the value of holding the
share, V(t + At,w), i.e.

V(t,w)e" A — V(t + At,w)

= (St(w) - Sr(t,w)(w)er(th(t’w)U erAt — (St-s—At(W) - S‘r(t,w) (w) eT(HAtiT(t’M)))

= St(w)erAt — St+At(w).

Note that the above is infinitesimal and these are the only possible kind of losses
incurred in the SLSG strategy. We are interested in the expected infinitesimal loss

incurred at time t + At when SL is triggered and denote it by

E (St(w)erAt — St+At(w)) )

l{St(w)zm(t)&n(t+At)>St+At(w)}
where 1¢ is the indicator function of a set C.

Then the expected total loss discounted back to the present is the hyperfinite
sum:

(1) > Y(t), where

0<t<1

T(t) = e TtTAY R {1 (St(w)erAt - St+At(w>)

{S:(@)2r(t) & rt+AD)>Siar(w) }
This hyperfinite sum is of great importance for us and in the next section, we
will perform some explicit hyperreal computations and obtain the Black-Scholes

formula from it as the time-value of an European call option.

3. SUMMING UP THE INFINITESIMAL LOSSES

We say that = and y are infinitely equivalent to each other, if x = ay + 3 for
some « =~ 1 and 8 ~ 0. Note that if x and y are infinitely equivalent to each other
and one of them is finite, then z ~ y. We begin with an analysis of the term Y(¢),
then we transform the expected total loss (1) into a sequence of expressions (2) —

4Note that ST(tM)(w)eT(t_T(t’“)) ~ k(t), hence V(t,w) = (St(w) — w(t))T, the value of an
European call option expired at time t.
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(6) and show that they are infinitely equivalent to each other, with the final one
(6) equal to the Black-Scholes price.

First an elementary remark often used while dealing with hyperfinite sums.

Lemma 1. Let I be hyperfinite and suppose for i € I that x; > 0 and a; = \;b;,
for some \; = 1. Then Zaixi = )\Zbixi for some A = 1.
il icl
Proof. Let A\t = max{\;|i € I} and A\~ = min{\; |7 € I} (both ~ 1), then
AT Z biz; < Z ajz; < At Z bz,
el iel iel

so for some \ between AT and A\~ the conclusion holds. O

A characterization of SL.

InK—7r
oV At

the unique integer in the interval [(,{+1). Let t € T.

Lemma 2. Write ( = . (So ¢ = oo by assumptions.) Let m, denote
(I) SL is triggered in w at t+ At iff vy =—1 and m(w) = my.
(IT) Suppose that SL is triggered in w at t + At. Then
InK —
(i) °(mVAL) = ——L

(ii) If VNt ~ oo, thenn]\% ~ 0 and Nt —m, =~ 0.

> 0 and m,At = 0.

Proof. (I): By definition, SL is triggered in w at t + At iff w; = —1,
Si(w) > k(t) and /{(t)erm = k(t + At) > St(w)efom+TAt’

i.e.

* oV At St(w)
*) VAL > (D) > 1.

Since Sy (w) = em(@VALTL we have
VAt > m(w)oVAt—InK +7r > 0,

equivalently
InK—r < InK —1r

VAL MW <%

i.e. m(w) equals the unique integer m, from [¢,( + 1).

+1,

(I1): (i) follows from the above inequality.

My meV AL

For (i), we have — =

Nt VNt

my
~ 0 and Nt—m, :Nt(l—Nt> ~ 00
O



Remark 3. We say that t is an even time if it has the form 2nAt and an odd
time if it has the form (2n 4+ 1)At. Note that m(w) must be even when t is even
and odd when t is odd. Consequently, if m, is even, then SL is triggered in some
w at t+ At iff t is an even time > m,At, and similarly if my is odd, then SL is

triggered in some w at t+ At iff t is an odd time > m,At.

Now fix any infinite M such that M At ~ 0 but VNMAt ~ . (For example,
take M = [N®/*].) Note that M > m,.
If m, is even, define
S:={teT|MAt<t<1l & t iseven},
otherwise define

S:={teT|MAt<t<l & t isodd}.

By Lemma 2, Remark 3 and the above, we have

Proposition 4. Let t € T and t > MAL.
Then t € S iff SL is triggered in some w at t + At. O

Decomposition of the Y(¢).

Proposition 5. Let t = nAt and n > m >0 of the same parity. Then

Prob({m(w) =m}) = (f) P (1—p) Tt <

2

Proof. We denote P; = Prob({m(w) =m—2i}), i=0,1,...,[2].

2
o

. . .o n+m—2
Consider a state w where m(w) = m — 27 : {ws}o<s<¢ must contain ————

many +1’s and %ﬂ

such sequences {ws fo<s<¢. Therefore

n nt+m _ n—m |
P = <n+m_i>p T (l-pE
2

. n
many —1’s. Hence there are precisely (n +m_21;> many
2

Since 1 —p > p, we have

Moreover




8

hence 1 > P; > Py, forall i =0,1,..., %] and thus (L%J —|—1) Py < 1.
O

Proposition 6. Let SL be triggered in some w at t + At, then for some A\ = 1,

T(t) = M é(ea Prob({m(w) = m.}) VAL

T

(Note that if no SL is triggered in any w at t + At, then Y(t) =0.)

Proof. Suppose SL is triggered in some w at ¢ + At. Note that these states w have
identical prices Sy and Siya:. By (*) in the proof of Lemma 2, Si(w) = Njk(t) for

some A, ~ 1, independent of any such particular w.

Sp(w)e™ — Sy ar(w) = Sy(w)e™ (1 — e~ VAL
= N e k(1) (o VAL + & AL)

for some finite &, and hence
St(UJ)eTAt - St+At(w) = )\;:l H(t)O'\/ At

for some N/ ~ 1.

By Lemma 2 and the above, we can write

T(t) = e "AVE (11 ()mm. g we—1} (St(W)e™ = Sy ar(w))]
— e T (1 VB [, (wymm.y (St(@)em = Sipar(w))]
= ¢ "UFAD (1 — p) N k(t)o VAt Prob({m(w) = m.})
~ %" Prob({m(w) = m, }) VAL

for some A\; =~ 1. U

Corollary 7. For every 7~ 0 we have } .., T(t) =~ 0.

Proof. Without loss of generality, we assume that 7 = nAt € S.



We use Proposition 4, 5 and 6:

Z T(t) Z )\t%Prob({wt(w):m*})\/Kt

o<t<r t<T,teS

Ko 2
> Moo VA
2e” my
t<r,teS
Ko 1
= — — At At
i AP IIRY

t<T,teS

IN

so the conclusion follows from Lemma 2 (II) (i) and A\; ~ 1. O

We apply the following form of the Stirling’s formula
k\Fk 1
k! = v27r/<;(g> e/* for some 0<e< 12
and obtain for 0 < m < n in *N that

( n ) B 2n 1 (2n)™ N
mn) = N T VR ) (n—m)

O N e e ke

for some A, ,,, which is ~ 1 whenever both n and n—m are infinite. For ¢ = nAt €

2
S, let Ay = X! (1 - (%) ) *. As a consequence of Proposition 2 (IT)(ii) and

the definition of S, \; ~ lnif tesS.
Therefore by Proposition 5 and 6 that when ¢t € S
Ko Y(t)
"Vower Vi

where for ¢t = nAt € S, we define

T(t) = A At, for some A\ &~ 1,

n My

n

) = ((n +my) e (n—m,) 2 ) (2" p*

N3
—~
—
I
s
N—
w3
~—
/N
—
[ hS]
S
~—
[V

Exponential form for Y(¢).

Lemma 8. Let 0%t =nAt €S. Then
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Proof. (i): We have

n

n _ (1 (m*>2)*% (n—m*) 3
(’I’L—f—m*)n+2m* (n—m*)"}m* o n n—&—m* ’

2 2
*

At
By Proposition 2 (IT)(i), U mt is finite, so
n

(1_ (m*)Q)fg 7n% _ mzAt.
n

For the second term we have

X
)
N
3
|
9]
|
&

M

(n — m*)T (1 2m, )% (1 2m, v At )% _ m’:‘tm
= — = _— ~ € 2
7+ My N+ My vnt +m, VAL

so the result follows.

For (ii), we can perform a power series expansion and get
1 U\/E 0.2
In (4p(1 — p)) = In ( )( ) — —Z At + €A
(p( p)) 1+€U\/7 1+€UF 4

for some € ~ 0. That is

2t
g In (4p(1 — p)) =~ A

8
So the conclusion follows by raising both sides of the equation to the power of e.
(iii) follows from 1L = ¢oVAL O
-p

Therefore it follows from Lemma 8 that for 0 % t = nAt € S,
t ym2At o m.V/At
¥(t) ~ exp (- 5 PR )
B t o\?2
- e (= 5 (5 )
t/InK —r o0\2
3% *3)

%

exp ( - = + 5 ) (by Lemma 2 (II)).

Hyperfinite Riemann sum.

Now define the following standard positive function of ¢ :

o) = \%e 2(“‘576”'2) .

Using the above, we have for all n € N that

Ko U(t) ) ) Ko
Z —= At is infinitely equivalent to Z O(t) At,
V2me n—lores Vit Vame n-Totes
consequently
.. . . Ko
Z Y(t) is infinitely equivalent to — Z O(t) At.
n-l<t<1 2me”
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As a hyperﬁnite Riemann sum, we have

Ko (' 1 _i(wre, )
Z ("') Atwmn_lﬁez 2 dt<OO,

and the integrals converges as n — oo in N. Now we can conclude from Corollary 7

27r eT

and the overspill principle that (1) is infinitely equivalent to

(2 ———> e

s
Vore pyrs

Finally we consider the sum according to the parity of m,. By Proposition 4, if
m, is even, then (2) is infinitely close to

Ko
(3) > e At:m > et A,

eventeT 0<t<1, teven

V2mer
where Au := 2At¢.

Similarly, if ms, is odd (2) is infinitely close to

Ko
O(t) At = ——— O(t) Au.
V2mer Oddzt:ar 2V 2w er Z (1) Au

0<t<1,todd

(4)

When viewed as a hyperfinite Riemann sum (which is finite), (3) and (4) are

both infinitely close to the integral below and so the following is proved:

Theorem 9. The expected cost of the SLSG strategy is infinitely close to the fol-

lowing integral

(5) 2\/%&/ \fe

where Sy = 1, r > 0 is the riskless interest rate, o > 0 the volatility of the stock

2
an—r el
% to +§) dt

)

and K > e" the critical level at terminal time 1.

O

By changing the variable with = 0v/%, the above (5) equals

K o _l(an—r_‘_E)z
6 e 2\ = 2) dx.
(6) \/271'67“/0

Write the accumulated normal distribution function as

N(z) = /_x V%e_%du.

We now show that (6) gives the Black-Scholes price.

Corollary 10. The Stop-Loss-Start-Gain strateqy has a cost given by the Black-

Scholes formula.
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Proof. The classical formula discovered by Black and Scholes in [2] is

N g) - wen (R =),

By differentiating it with respect to o and then integrating back using integrating

constant 0 (since when o = 0, the Black-Scholes price is 0), we get precisely (6). O

6.

7.
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