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1 Introduction

The main result of this paper is a nonstandard analysis version of the Lévy—Khintchine formula
and the main application is a representation of an arbitrary Lévy process as the standard part
of an internal process given by a hyperfinite sum of increments. The latter was achieved by
Lindstrgm using a hyperfinite discrete random walk in [1]. There is also a related result by
Di Nunno, @Qksendal and Proske in [2] using the white noise approach. The current work
was inspired by these predecessors but the approach differs from theirs by the adoption of a
hyperfinite-dimensional Euclidean space *RT for the increment sequences, resulting in a (non-
discrete) hyperreal random walk. Although the space is not hyperfinite, we nevertheless deal with
a hyperfinite sum of hyperreal increments. When the increments obey the same Gaussian law,
the result is a Brownian motion, already produced by Cutland in [3] by modifying Anderson’s
Brownian motion.

In contrast to other approaches, we rely heavily on a nonstandard analysis version of the
Lévy-Khintchine formula. A simple proof is given by using *RT and an explicit construction
of the law of the infinitesimal increments. We will show from a nonstandard point of view
the amazing wealth of information codified in the Lévy—Khintchine formula: not only does
it characterize the law of the standard part of the hyperfinite sum, it also ensures finiteness,
stochastic continuity (in fact cadlag) and determines the martingale part.

The advantage of using hyperreal random walk lies in the ready transferability of elementary
calculus to the hyperfinite dimensional Euclidean space. This advantage should be even more
prominent for the nonstandard development of the Malliavin Calculus (see [4-5]; cf. [1] for a
discrete approach) and the White Noise Analysis, where it will be shown elsewhere that the

Lévy-Khintchine formula is once again an important tool (cf. [6] for a sketch for the Gaussian

Received September 8, 2005, Revised February 21, 2006, Accepted June 5, 2006
Work completed at BiBoS Universitat Bielefeld in 2004 with support from Norway-SA Grant 2067063, acknowl-
edged with gratitude



242 Ng S. A.

case and [2] for a standard approach). Another possible application is to use the hyperfinite-
dimensional Fuclidean space to investigate questions concerning the Hausdorff dimension of the
inverse image of a set under a Lévy process as studied in [7].

Standard treatment of the Lévy—Khintchine formula can be found in [8]. An alternative
non-probabilistic proof is given by [9].

Section 2 is a summary of the needed background from nonstandard analysis. Section 3
contains a proof of the nonstandard analysis version of the Lévy—Khintchine formula in the
form of an infinitesimal generator. Section 4 uses hyperreal random walks to represent in
law an arbitrary Lévy process by taking the standard part, and Section 5 uses nonstandard
martingale theory to show that in fact the standard part is cadlag, hence a Lévy process.

It is tempting to move further and study Lévy stochastic integrations, but this will be better

done in a Malliavin setting elsewhere.

2 Preliminaries

This section is a brief review of some needed notions from nonstandard analysis.

The nonstandard extension of a standard mathematical object X is denoted by *X. An
element from some *X is referred to as an internal object. We identify a property with its
underlying defining set, so we may speak of *properties such as *continuity and *differentiability.
The extension from X to *X preserves first-order properties in the language of set theory and
is done simultaneously for all mathematical objects under consideration. In particular we have
new objects like *N (hypernatural numbers) and *R (hyperreal numbers), which still behave
with respect to each other in the same formal manner as N and R. Elements in the set N are
called hyperfinite; a set counted internally by a hyperfinite number is also called hyperfinite (this
is the same as *finite); given r, s € *R, if |r — s| < ¢ for all ¢ € RT (equivalently |r — s| < 1/n
for all n € NT), we write r ~ s (infinitely close); r is called infinitesimal when r ~ 0; a finite
element r of *R (written |r| < 0o) is one with |r| < n for some n € N; such r is = s for a unique
s € R (called the standard part; in symbol: s = °r); write r &~ *oo when r is infinite. For
convenience we set °r = oo for infinite 7. We use similar notions for elements in C or *R™.

We arbitrarily fix some N € *N\ N, an infinite hyperfinite number, and denote the in-
finitesimal time increment by At := 1/N. Then we form the hyperfinite timeline:

T := {0, At,2At,...,N}.
The set T will be used as our nonstandard counterpart of the timeline [0, c0). Note that the
internal cardinality of T is hyperfinite, in fact N2 4 1.

We will assume throughout that the so-called wi-saturation principle is satisfied in our

construction of nonstandard objects (which is possible under a weakened form of the Axiom of

Choice), namely:

If F is a countable family of internal sets such that (| Fo # 0 for any finite sub-
family Fo of F, then (F # 0.

An internal function F' : *R — *C is called S-bounded if |F(r)| is finite for all » € *R.

(Using wy-saturation this is equivalent to having some fixed finite bound for all |F(r)|.) It is
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called S-continuous if r = s = F(r) =~ F(s) for all r,s € *R. Note the difference between
*continuity and S-continuity. If F' is S-continuous, it can be proved that there is a unique
continuous f : R — C such that f(u) = °(F(t)) whenever ¢t ~ u. In this case we write
f = °F. The notion of S-boundedness and S-continuity extends naturally to functions like
F:T— R™or F: R" — *R™.

Given an internal probability measure p on an internal space 2 equipped with algebra %
(so p: B — *0,1] is *o-additive), we obtain a finitely additive probability °u by taking the
standard part of measure values. As a consequence of the wi-saturation and the Carathéodory
Theorem, one can prove that °u has a unique extension which is a o-additive probability,
denoted by iy, called the Loeb measure of u after its inventor P. Loeb.

The nonstandard counterpart of integration theory is the following. An internal function
F : Q — R” for some n € N is called S-integrable if E[|F|] < oo and E¢ [|F|] &~ 0 whenever
wu(C) ~ 0. We say that F is SLP for some p € *R*, if |F|P is S-integrable. A useful result is
the following lemma due to T. Lindstrgm:

If F is SLP for some °p > 1, then F is S-integrable.

The F is said to be a lifting of some standard f : Q@ — R”, if F(w) ~ f(w) a.s. with
respect to the Loeb measure.

We use the same definitions for other internal functions such as F' : @ — C™.

Further introduction to nonstandard analysis can be found in [10-11] and [6].

Our terminology from Lévy processes follows that of [8] and [12]. In particular, by a Lévy
process we mean a time-homogeneous stochastic process starting from 0 with independent
increments which is a.s. right-continuous with left-limit (cadlag), and it is a Lévy process in
law if cadlag is weakened to stochastic continuity; see [13] (especially the introductory article
by Sato), [15] and [14].

3 Lévy—Khintchine Formula

In this section we produce the main tool of the paper, Theorem 1, namely, the nonstandard
analysis version of the Lévy—Khintchine formula in operator form.

We use the same fixed N € "N\N, A¢t=1/N and T as before.

Given an internal probability measure § on *R?, d € NT, we define the following operator
on *62(R%; C), the space of internal functions from *R? into *C with bounded and continuous

derivatives of order < 2:
o(x+y) — ()
L = A A )
d)(z) *]Rd At

We call L the generator associated with 0. (Very often we drop the * from *¢ when there is

(dy), ¢ "G R%C).

no danger of confusion.)

By a Lévy triple we mean some (7, A, v), where v € R%, A is a standard d x d nonnegative
definite symmetric matrix and v is a standard Borel measure on R¢ satisfying v({0}) = 0 and
Jza %y(dy) < oo (cf. [8] Remark 8.4 for other equivalent conditions). Note that the above

implies, for all ¢ € "62(R%C) and fixed z € *RY, the function y — (¢(m +y) — é(z) —

(W, Vo(x))

Ty ) is *v-integrable, with finite integral over *R? if in addition ¢ has S-bounded
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derivatives of order 0, 1 and 2. Moreover, for ¢ € 6?(R%C) and x € R?, y — O(*gi)(x +y)—
“o(x) — %) is v-integrable.)

The following is our nonstandard version of the Lévy—Khintchine formula in operator form:
Theorem 1  Let (v,A,v) be a standard Lévy triple. Write A = [a; jli<ij<a- Then there
is an internal probability measure § on *R? so that the associated generator L satisfies, for
each ¢ € *¢2(R%C) with S-bounded and S-continuous derivatives of order 0,1 and 2, and
x € *RY, the following:

1
Lo(a)~ (7, Vo(a))+5 D ai;0i(x)+ / oz +y)—o(x)—
2 L= R
1<i,5<d
Moreover, note that both sides are finite.

AL
YD) . )

Proof We begin by perturbing A infinitesimally and letting A := A + ¢ I, where ¢ is any
positive infinitesimal and I the identity matrix, so
A s positive definite symmetric and A ~ A. (2)
We will show how to choose some ¢, £ € *R and a, k € *R? satisfying
k]| <e<2e< &0 (3)
and certain additional properties and let 7 be the following sum of measures on *R¢ with
disjoint supports:
n(dy) = Ao+ w; AA](Y) Ly pi<c(y)dy + At Ly 5e(y) v(dy), (4)
where 1¢ denotes the indicator function of the set C and .4 the Gaussian density
1 1
N a0)(y) = (2m)~ 4 (det ) # exp ( e oy a>>>,
where a € *R? and o is a d x d positive definite symmetric matrix (covariance matrix); then
finally define the probability measure
3(dy) = n(dy)/n("R?) (5)
and prove that the associated L satisfies (1).
First of all we fix some € so that
ex~0 and eVN = . (6)

(For example, take e = N~'/3). Define for n € N the internal sets
1 1 2
Cp:=<re™R|2¢<r<— and —/ ly “w(dy) < VN ¢.
n 2 Jyizr L+ 1yl
Each C,, # 0 according to the assumption on v, hence they form a decreasing sequence

of nonempty internal sets and therefore, by the w;-saturation principle?), we can find some

£ € Npen Cn- So this £ satisfies

VAt s
& Jyze 1+ 1yl

Yy * *mpd
Je = / ——"v(dy) € "R~
¢ wize 1+ [y[?

D | (¢(z+y) — () (L+[y[?) — (v, Vo(@)|/(L+y?) = [(¢(x+y) — (@) Iy + 3y, Ho(Aay) 9)I /(L +[y[?) <
Cly|?/(1+ |y|?) for some Mg,y between z and = + y and some constant C. Here H denotes [0; ;]1<i,j<d-
2)Actually the overspill suffices, a principle which holds in any nonstandard construction.

0~ ¢&>2 and v(dy) < 1. (7)

Define
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Note that ] 2
Yl 1 yr-o.
< [ vdy) < 7 [ =P w(dy) < eV,
7 Jyze LHIWP € Juize L1y
using the assumption on v. In particular,
\% At |J§‘ ~ 0. (8)
Next define
o= At(y—Jg) € *RL (9)
By (8) we have
VNa ~ 0. (10)

The following results are from (6) and (10):

0= \/ﬁa—/ y N [VNa; Al(y)dy =~ 0,

ly|<evN
(11)
19::1—/ /V[\/Na;x](y)dyzo.
y|<evV'N
Define

= — * 1

K= 750 € R (12)
then (11) implies that

VNk ~ 0. (13)

We remark that now (3) holds because of (6), (7) and (13); therefore, (4) and (5) define the
measure 7, as well as its normalization J, as a sum of two measures on disjoint supports.
It is straightforward to use a change of variables to check the following for a given integrable

f:*Rd—>*R:

/ f)AN [a+r; AtA](y)dy = / f(\/A_ty+m)JV[\/Na;K}(y)dy,
ly—r|<e ly|<eV'N

i.e.

/ F(w) n(dy) = / F(VAEy + 8) N [V a3 K] () dy. (14)
ly—r|<e y|<eV'N

Claim 1 n(*RY) =~ 1.

To prove the claim we write

n(*Rd) = / n(dy) + At/ v(dy) + At/ v(dy).
ly—r|<e &<|yl<1 ly|>1

By (14) the first integral can be re-written as f|y‘<€\/ﬁ</l/[\/ﬁa; Al(y)dy, which is ~ 1
by (11).

_lwl®

Since % < 1+|y\2 holds on the intervals ¢ < |y| < 1, the second integral is <
A ~
2 ¢ f§<\y|<1 l-HyIZ *v(dy), which is ~ 0 by (7).
2
On the intervals |y| > 1 we have 1 < %, so by the assumption on v the third integral

is also &~ 0 and therefore the claim is proved.

Claim 2 & y—r|<e Yi Vi n(dy) =~ a;j, where 1 <1i,j <d.
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By (14), the left-hand side is
[ w4 VR Ry + VR ) A VN 0 K] 1)
ly|<ev'N

which by (6), (10) and (13) is ~ <V W Yili N [VN a; Al (y) dy.
Then the claim follows from (6), (10) and (2).
We are now ready to prove (1). Without loss of generality, we assume that ¢ € *62(R% R).
Write
N 1
WCRY Lola) = 57 [ (6 ) = @) i)
1 1
= 3 @) — o)~ Vol ) + 5 [ (. 96(@) n(dy
At J.ga At J.ga
L + I + I3,

where

1 1

L =4 /ly_w (¢<x+y> ()~ %) n(dy),

_ (y, Vo(z)) N
b At</y—l€2€ TP /y_ﬁgfy’W( )M(dy))’

with Az, denoting some number chosen from the interval between x and x + y such that
oz +y) — o(x) = (y, Vo(z)) = %(y, Heo (Mg y) y>, where the matrix He¢ is the Hessian
[0i,Pl1<ii<d-

Note that, for all |y — k| <€, H,, = Hp(\;,) — Ho(z) =~ 0,

1 1 1 1
I = A /|y—n|§e §<ya He(x) y> n(dy) + E/ §<y’ Hy y> n(dy),

ly—r|<e
and therefore there are h; ; ~ 0, 1 <4, <d, so that
1 0i,i0(x) hi
L = 37/ yi yj n(dy) + ’]/ yi v 1(dy).
2 Z At ly—r|<e 5 () Z At Jjy—ri<e 5 1()

1<i,j<d 1<i,j<d
Consequently, by Claim 2,

1<i,j<d

From the definition of n we have
(v, V¢(x)>) X
I = — _—_— d

T (o) ooy~ BT
e [ (ot - o) - L) ). (16

SO

The integral I3 has the form (5, V¢(x)) for some

1 Y 1
ﬁzz—/ n(dy +—/ yn(dy).
At Jjy—p>e 1+ |yf? W)+ 5 ly—rl<e ()
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The first term in 3 is simply J¢. For the second term, the i*" coordinate equals

i/
- yi n(dy)
At ly—r|<e

_ A%/K (VBT ) A [VN 0 B ) dy (by (14))
\/1_ <\ﬁyil/V[\/Na;A]()dy+At/|<ﬁe/V \/Na;&}(y)dy
= \/%(\/Nai — 0i) + E(l ) (by (11)),
which by (9) and (12) is just simplified as . Thus we have
Iy = (v, Vo¢(z)). (17)

Finally, putting (15), (16), (17) and Claim 1 together, (1) is proved.
We also have the following converse of Theorem 1:
Theorem 2 Let § be an internal probability measure on *R? such that, for some & =
the following are finite:
1 ly|?
(@) 27 Jyie 1+\y|25(dy)

(c) A%(f\ng 0 (dy) + Jiyj<e y8(dy)-
Then there is a standard Lévy triple (7, A,v) for which the following holds for the generator

L associated with § and ¢ € €2(R%C), v € R?:
Loa) = (0 90() + 5 3 aydugole) + [ (o) - o) - BTV uiay),

1<ig<d Rd L+ [yl?

Proof First define

v (L et + [ van))

1
A = [ai,j]lgi,jﬁdv Where aiﬁj = ° <—/ Yi yj 5(dy)>,
At Jyy<e
and, for any Borel subset S C R¢,
v(S) = vr(S\(0}), where v(dy) = 1iyjz(y) 5 0(d)

It follows from (a) and the definition of v that it is a standard Borel measure on R? satisfying
Jza %V(dy) < oo and v({0}) = 0. By (c), v € R, and (b) shows that A is a standard
d x d matrix. Also A is clearly nonnegative definite and symmetric. Therefore, (7, A,v)
defines a standard Lévy triple.

Let L be the generator associated with 6. Let ¢ € 62(R% C) and x € R Then similarly

to the proof of Theorem 1, we have the decomposition

Lgb(l’) = Il + IQ + Ig,
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where

o= [ (et — o - BT da)

1 (y, Vo(x))
b =5 </y|zs BRI /ylif<y7 VoL 6(dy)>’

1+ y[?
where A, as given before.
Once again, the same computation shows that
1
.[1 ~ 5 Z Qg5 827j¢($)

1<i,j<d
On the other hand, by the assumptions on ¢ it follows that

WYy, 1 o @)
[ (et +n-o- B0 anm 5 [ (ot + -0~ GTER) stan=r.

Finally, from the definition of ~,
Iy = (7, V¢(x)),
hence the conclusion follows.

Remark 3 (i) From Theorem 2 we note that the ¢ in Theorem 1 corresponding to a given
standard Lévy triple is not unique.
(ii) For d =1, notable cases of § satisfying assumptions in Theorem 2 include:
e Brownian motion (see [3]): §(dy) = A[0; At](y) dy and & = v/At. The standard parts
of terms in (a)-(c) are:

1 211 2 [ -2 2 _ 0.1987 0
-—— — e r—4/— = 0. -5 0.
420+/27 VT Jo me

e Poisson process of finite intensity a > 0 :
§(dy) = (1—alt)A[0; At?](y) dy + aAt A [1; At?](y) dy and & = At. For a = 1, the standard
parts of terms in (a)—(c) are: 0; 0; 0.
e Cauchy distribution: §(dy) =

3 L1 2 1.
in (a)—(c) are: 1; = — 35; 0.

M%’Mdy and ¢ = At. The standard parts of terms

(ili) Given an internal probability measure & corresponding to a standard Lévy triple as
in Theorem 1, the proof of the theorem shows that, for any ¢ € %Z(R%R), the function
Lo : "R — *R is S-bounded and has a continuous standard part. If, in addition, He¢ is
uniformly continuous then (1) holds for all 2 € *R. If all ¢, V¢, and H¢ are uniformly
continuous, then L¢ is S-continuous.

(iv) If we define a semigroup {T}}ier by T = T&Y, where
Taola) = * [ (e +)dlan), o€ GRSC)

then L is the nonstandard version of an infinitesimal generator of this semigroup.

4 Lévy Processes

In this section we show by a calculation of the characteristic function using Theorem 1 that any

arbitrary standard Lévy process in R? equals in law a hyperreal random walk, i.e. a hyperfinite
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sum of hyperreal increments (Proposition 12). The finiteness and stochastic continuity of the
sum are also consequences of Theorem 1. The result will be improved in the next section by
showing that it is in fact a cadlag version.

We assume throughout this section an internal probability measure ¢ satisfying (1) in
Theorem 1 for some standard Lévy triple (v,A,v). We work with the product space Q :=
(*R4T under the product probability u := §T. We emphasize that the space is not hyperfinite

but the timeline is. Sample paths in  are written as w = {w }ter. Let’s consider the following:

Definition 4 Welet X : QxT — *R? be the internal process given by the hyperfinite sum

of hyperreal increments, i.e.

Xt(w) = ZW37 (18)
s<t
and by default we set Xg = 0.

We now prove the Lévy—Khintchine formula for the characteristic function of y :

Theorem 5 Let t € T be finite and u € R%. Then

E [ei<uvxt>] % exp {t(i@,m - %m,m) + /R <ei<w> —1- fﬁ:"'z'L)y(dy))} (19)

Proof We first apply Theorem 1 to
o(y) = ™Y and z =0:

tN
E[etx) = E [H <>] _ ( / 6i<“’y>5(dy)> — (1 + Lo(0) At)™Y
*Rd

s<t

1 1

— (14 o+ 0T+ 5 S au000)
1<k,j<d
(. V(0)) "
+ /Rd <¢(y) —¢(0) - 1+|y|2) V(dy)]>

1 1 A . tN

= (1 +t N |:L + iy, u) — §<u, Au) + /}R <61<“’y> -1- 1Z<_f’|z|>2>l/(dy)]> ;
where ¢ is some infinitesimal and we use ¢(0) = 1, V¢(0) = iw and Ok ;j¢(0) = —ugu; in

the last line. Hence (19) is proved.

Definition 6 Let’s define the following approzximation of the sample space €2 :
Q= ([=1,n]H)TNOD 5 (RN T€T, neN. (20)
Lemma 7 Let 7 €T be finite. Then pr(U, oy Qrn) = 1.

neN " T,n
2
Proof The condition [p, %V(dy} < oo implies that
v(dy) - 0 as n—oo in N

ly|=n
For n>1,

W) > <1 - /|y>n6<dy>)m - (1 N /ypnu(dy))m ~ exp (T /M u(dy>>,

hence p1,(2;,) — 1 as n — oo in N, so the conclusion holds.

Lemma 8 Let 7 € T be finite, n € N and p € Z. Then, for each 1 < i < d, there is some
Cip € "R such that 0 < C;, < 0o and
EQT,n [ep(XT)i} < CZP'
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Proof Apply Theorem 1 to some nonnegative ¢ € %2(R%R) such that ¢(y) = eP¥ on

[~n,n]%. Then
TN

Eﬂm[ep(xm] _ (/[_M]depyié(dy))m . ( - ¢(y)5(dy)> = (1 + L¢(0)At)

Now let

TN

Cip = (1 + Lo(0)AD)N.
Then C;, ~ ¥ < co by Theorem 1.

Corollary 9  For every finite t € T, X; is a.s. finite with respect to the Loeb measure pr,.
Proof By Lemma 8, for n € N and 1 < i < d, we have both Eq, , [e(xf)i} < oo and

Eq, [e’(X‘)i] < 00, s0 (X;); must be a.s. finite on € ,. Then the conclusion follows from

Lemma 7.
Corollary 10 Let t =~ 0 in T. Then ML(Xt = O) = 1.
Proof By Lemma 8, for any n € N, p€ Z and 1 <1 <d, EQt,n[ep(Xf)i] < Cf’p ~ 1. Since

this holds for all p € Z we have (X;); = 0 as. on £, and the conclusion follows from
Lemma 7.

Now we define the standard part of X and will show that it has the expected properties.
Definition 11  For each t € [0,00) we let ¢t := min{s € T|s >t} and define

z:Qx[0,00) = RY by z4(w) := °Xp(w). (21)

By Corollary 9, z; is a.s. finite with respect to py for all ¢ € [0,00), so x is a standard
stochastic process under pury,.

By Corollary 10, for each » € R* and finite s, ¢t € T with ¢t ~ 0 we have uL(|XS+t—XS| >
r) = pr(|Xe| >7) = 0. Hence, for s, t € [0,00),

ML(\JJSH — x| > r) — 0 as t—0,

i.e. x is stochastically continuous.

Also by the construction of X, z is clearly time-homogeneous, has independent increments
and xy = 0.

That is, x is a Lévy process in law.

Moreover, for each fixed u € RY, the function y — e*®¥ is an S-bounded function on
*R9, so Lemma 8 and Corollary 9 imply that, for each ¢ € [0, 00),

exp (i(u, X7)) is an SLP-lifting of exp (i(u,2;)), peN.
In particular,
E, [exp (i(u, X7))] ~ E,, [exp (i{u,2:))], u € R% t € [0,00);

therefore, by Theorem 5, z is a Lévy process in law corresponding to the triple (v, A,v).
Since each standard Lévy process is uniquely specified in law by a Lévy triple we have, from
Theorem 1, the following summary of our representation result via internal processes. A stronger

version of this will appear in the next section.
Proposition 12  Let 7 : Q x [0,00) — R? be an arbitrary Lévy process in law. Then it is

equal in law to x, the stochastic process obtained from the hyperfinite sum in Definition 4 and
11 for the Lévy triple of T.
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5 Martingales and Cadlag

In this section we improve Proposition 12 by showing in Theorem 18 that the standard part
x is in fact cadlag. This is done by applying consequences of Theorem 1 to show that, on an
approximating set, the martingale part of X is SL?, and then use nonstandard martingale
theory.

First we need some estimate, again a consequence of Theorem 1.

Lemma 13 Let n € N. Then
1

At lyl<n

yié(dy)‘ < oo, 1<i<d.

Proof Only n > 1 needs to be considered. On |y| > n, we have § = At*v. The assumption
on v implies that ¢, := v(|y| >n) < oo. So there is ¢ € €2(R%R) such that ¢(y) = y; on
ly| <n and

’ / ¢(y)5(dy)‘ < e, At
ly|>n

Then

L /yl<nyi6<dy>} < | [ sta)| + 2ne,

Note that the right side equals |L$(0)| + 2nc,, which is finite by Theorem 1.
Let {Zi}ier be the internal filtration generated by {X;}ter in Definition 4. If we let

t
M, = Xy — — o(d 22
t t Al ARdy (dy) (22)
then {M;}ier is an internal martingale with respect to { % }ier since
E [Mt+At _Mt’yt} = / dy5(dy) - / dy5(dy) = 0.
*R *R
The problem is that the right-hand side of (22) need not be finite, so we require the following
approximation:

Definition 14 Let 7 € T and n € N. Let Q. , be as in Definition 6. Then for t < T, we

define
t

M = X 1g,, — —/ yo(dy). (23)
At Jyel-nnj
Similarly to the above, {M;"}ier is an internal martingale. But there is more:
Lemma 15 Forall t <7, 7 € T finite, we have E[|M,"

Proof We have, for each 1 <14 <d,
T, t
B, [oxp ((47))] = B, fosp ()] ewp (= 5 [ watan) < o0
yE[—n,n

by Lemma 8 and 13. Similarly, Eq_, [exp (— (M{");)] < oo. So it follows that
Eq. . [exp(|(M]™)i])] < oo. But 2el*l > w2 and E[(M;")?] = Eq,,[(M]")?], the lemma is

proved.

2 < .

Remark 16 1In [10] such {M;"};-, above is called a A2-martingale. Moreover, by a proof
similar to that of Lemma 15, {M;"};«, is SL? for all p € N. In particular, on Q. ,

the standard process x given by Definition 11 has the standard martingale part given by
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{OMt-T’"}te[07oT) with respect to the filtration generated under the Loeb measure, i.e. the
filtration of {x;}se[o, o7y restricted to Q.

We quote the following definition from [10]:

Definition 17 ([10] 4.2.9)  An internal function F : T — *R? is said to have the S-right
limit » € R% at some t € [0,00) if for all € € R there exists § € Rt such that, whenever
seT and t < °s <t+6, we have |F(s) —r| <e. The S-left limit is defined similarly.

Using Lemma 15, we can apply [10, Proposition 4.2.10] to conclude that a.s. {M;"};<,
hence also {X; 1q, , }i<- has both the S-right limit and S-left limit. Since n € N is arbitrary,
it follows from Lemma 7 that the same holds for {X;};«, a.s. Consequently, by the way it is
defined in Definition 11, {x;},c[o,or), the standard part of {X;};<-, is a.s. right continuous
with left limits. Note that 7 is an arbitrary finite element in T.

The above are summarized as the following representation result:

Theorem 18 Let 7 : Qx[0,00) — R? be an arbitrary Lévy process in law. Then there is an
internal probability measure 6 on *R? so that under the Loeb measure ur on € = (*RHT,
where i = 8T, the standard Lévy process x given by

z(w) = OZwS, where t=min{s € T|s > 1},
s<t
is cadlag equal to T in law.
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